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The discrete element method (DEM) has become a prominent tool for modeling granular media, whereas the
development of versatile and efficient particle models for the modeling of irregular-shaped particles remains a
heated topic and challenge. In this work, a new particle model based on polybézier curves to describe particle
shapes is proposed for the modeling of smooth and irregular-shaped particles. In particular, cubic bézier curves
are adopted because they have a fairly high degree of freedom in modeling curved geometries as well as a closed-
form support function. With the particle geometry and support function derived from cubic polybézier curves,
the Gilbert-Johnson-Keerthi algorithm is adopted to detect contacts, and the expanding polytope algorithm is
adopted to resolve contact geometric features. To generate polybézier-based particle templates from images of
particle shapes, a particle swarm optimization-based geometric fitting procedure is also developed. The effec-
tiveness of the proposed particle model for shape representation is validated using a chart of particle shapes with
various roundness and sphericity characteristics. DEM simulations of random packing and biaxial compression
tests on polydispersed irregular-shaped particles are also presented, and the results show that the proposed

model has fairly good computational efficiency and numerical stability.

1. Introduction

Granular materials, such as ore, sand and grain, are generally
nonspherical in nature. Particle irregularity has been well recognized to
have substantial effects on the macroscopic properties, such as the
packing density, stiffness and strength, of a granular medium. For
example, laboratory experiments have shown that the increase in the
particle irregularity (e.g., decrease in the sphericity and/or roundness)
would lead to an increase in the extreme void ratios, decrease in the
small-strain stiffness, increase in the compressibility, increase in the
critical state line intercept, etc. (Cho et al., 2006) A prominent numerical
tool for modeling granular media is the discrete element method (DEM)
(Cundall and Strack, 1979), which has been used for many applications
in a wide range of engineering disciplines (e.g., (Cleary and Sawley,
2002; Zhu et al., 2008; Lisjak and Grasselli, 2014; Xia et al., 2020)). To
create an accurate and predictive DEM model for a granular medium, a
critical step is to incorporate the shape irregularity of the constituent
particles.

Over the years, many particle models have been developed to ac-
count for different types of particle shapes. For example, particle models
have been developed based on ellipsoids (Lin and Ng, 1997),
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polyellipsoids (Munjiza et al., 2009), superquadrics (Cleary and Sawley,
2002; Podlozhnyuk et al., 2017), cylinders (Feng et al., 2017), poly-
hedrons (Zhao et al., 2015), nonuniform rational basis splines (NURBS)
(Andrade et al., 2012; Lim and Andrade, 2014), and Fourier series (Lai
et al., 2020). In any of these models, the particle shape is represented by
a continuous function or a series of discrete functions, and the contact
detection and resolution problem is solved using numerical optimization
methods such as Newton’s method (Andrade et al., 2012; Lai et al.,
2020), the Levenberg-Marquardt method (Zhao and Zhao, 2019), the
Nelder-Mead simplex algorithm (Zhao and Zhou, 2017), and the Gilbert-
Johnson-Keerthi (GJK) algorithm (Wachs et al., 2012; Rakotonirina
et al., 2019). Generally, the aforementioned particle models are cate-
gorized as the single-particle approach (Zhong et al., 2016). Another
option to model irregular-shaped particles is the composite-particle
approach, in which an irregular-shaped particle is represented by a
clump of simple geometries, such as spheres or circles (Lai and Chen,
2017; Zheng and Hryciw, 2017; Nie et al., 2020). Compared with the
single-particle approach, the composite-particle approach has the
disadvantage of low computational efficiency and unrealistic contact
parameters (Pereira et al., 2011; Navarro and de Souza Braun, 2013;
Zheng and Hryciw, 2017). Thus, the single-particle approach has
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Fig. 1. Illustrative diagram of the polybézier-curve-based particle model.

recently received more interest and preference than the composite-
particle approach for more accurate and predictive DEM models.

Despite the considerable number of well-developed particle models,
interest in the development of irregular-shaped particle models is still
growing for two reasons. First, the current particle models only cover a
small portion of the various particle shapes that can be encountered in
nature. Second, the corresponding contact detection and resolution al-
gorithms generally require considerable implementation efforts. As a
certain particle model would often require a certain contact detection
and resolution algorithm, the implementation efforts are substantially
increased if one would like to combine multiple particle models in one
DEM simulation. Basically, when developing a particle model, three
different factors need to be considered, namely, the accuracy, compu-
tational efficiency, and compatibility, whose relative importance de-
pends on the aims of the users. The accuracy and computational
efficiency are two factors that have an inverse relationship, and thus, as
noted in Zhao and Zhao (2019), there is always a need to weigh a bal-
ance between the realistic approximation of particle shapes and the
affordable computational efficiency for practical DEM modeling. The
compatibility refers to the potential or capability of a new particle model
to be integrated with the existing particle models. A particle model of
high compatibility indicates that it is palatable to existing DEM code
(particularly the contact detection and resolution algorithms) with no
need to tangle with revising the DEM computational workflow or
developing new contact algorithms. This aspect has been less considered
in most previous studies.

In this work, a new particle model based on polybézier curves is
proposed for the modeling of smooth and irregular-shaped particles.
This new particle model can be regarded as an extension of the previ-
ously well-established polygon-based particle model (Mirghasemi et al.,
2002) and NURBS-based particle model (Andrade et al., 2012), while it
possesses two advantages with the use of polybézier curves to describe
particle shapes. First, as bézier curves can describe curved geometries,
the proposed polybézier-based particle model requires fewer segments
than the polygon-based particle model to achieve the same shape rep-
resentation accuracy. Second, as each bézier curve has its own control
points, the polybézier-based particle model has greater flexibility for
controlling the local curvatures of a particle shape compared with the
NURBS-based particle model. In addition, the polybézier-based particle
model has a closed-form expression of the support points. With the
adoption of the classical GJK and Expanding Polytope Algorithm (EPA)
to solve the contact detection and resolution problem, the polybézier-
based particle model can be readily integrated with other existing par-
ticle models, such as the polygon-based particle model and ellipse-based
particle model. This feature greatly increases the compatibility of the
proposed polybézier-based particle model. It should be highlighted,
however, that the proposed model is limited to convex shapes only and
thus the discussion of this paper is also limited to convex irregular-
shaped particles. In addition, this work has focused its discussion on
two dimensions (2D) and the extension to three dimensions (3D) will be
explored in future work.

The remainder of this paper is structured as follows. Section 2 pre-
sents the formulations of the polybézier-based particle model, including
the particle geometry, support function, mass and moment of inertia.
Section 3 describes the GJK and EPA algorithms employed to detect
contacts and resolve contact geometric features. Section 4 introduces a
particle swarm optimization (PSO)-based geometric fitting method for
the generation of polybézier-based particle templates. Section 5 reports
the results of numerical examples to demonstrate the performance of the
polybézier-based particle model for shape representation and DEM
simulation. Section 6 summarizes the concluding remarks of this work.

2. Polybézier-based particle model
2.1. Particle geometry

The polybézier-based particle model is composed of a set of bézier
curves. Each bézier curve is a parametric curve with its own control
points. Fig. 1 shows an illustrative diagram of the polybézier-based
particle model. The particle geometry is described by N bézier segments,
which are connected to each other at points Py, Py, ..., Py_;. Particularly,
to enhance the geometric continuity of the particle geometry, it is
assumed that two neighboring bézier segments have the same tangent
direction at the connecting point. In addition, the second and second to
last control points of a bézier curve are imposed on the tangent lines at
the end points. For example, segments PyP; and P;P, have the same
tangent line at point P;, whereas segments P; P, and P,P; have the same
tangent line at point P,. For each bézier segment (e.g., segment P;P;.;),
the second control point Q; falls on line RQ,, which is the tangent line at
point Q,; the second to last control point Q,_; falls on line RQ,,, which is
the tangent line at point Q,; point R is the intersection of tangent lines
RQ, and RQ,, and n is the number of control points in each bézier curve.
With these two constraints and by virtue of the nature of bézier curves,
the G! continuity (i.e., surface and tangent continuity) of the whole
particle geometry is achieved (Du and Schmitt, 1990). It is worth noting
that, by a similar fashion, Wang et al. (2019) recently proposed a cubic-
polynomial-curve-based approach to represent and generate convex
particles, whereas the DEM implementation is not developed. The cubic-
polynomial-curve-based particles were converted into circle-based
composite particles for DEM simulation.

Technically, with sufficient segments and control points, the poly-
bézier-based particle model is able to represent particles of arbitrary
shapes. A typical case of the polybézier-based particle model is the
polygon-based particle model, in which the order of the bézier segments
is 1. However, the polygon-based particle model often requires a large
number of segments to describe a particle with a curved and smooth
geometry, and thus, it could be computationally expensive in DEM
modeling. In the polybézier-based particle model, higher orders of
bézier curves could be employed, which improves its flexibility to model
curved geometries. A negative effect of higher orders of bézier curves is
that they increase the difficulties in detecting contacts and resolving
contact geometric features. In view of this issue, cubic bézier curves are
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adopted in this work because they have analytic and closed-form ex-
pressions of the support points, which are important components of the
GJK- and EPA-based contact algorithms. The formulation of the cubic
bézier curves can be explicitly expressed as follows:

B(t) =1 —-0’0,+3( -1’10, +3(1 - 1) Q, +£Q;, 0<i<I @)
where B(t) represents the points on the bézier curve, t is a parametric
parameter, and Q,, Q,, Q, and Q; are the control points. To facilitate the
implementation of the polybézier-based particle model, cubic bézier
curves can also be formulated in matrix form as

1 -3 3 -1 1
0o 3 -6 3

B(t):[Qo 9, 0, QJ} 0 0 3 -3 th 2
oo o0 1][7F

where the control points Q,,0Q;,0, and Q; are expressed as column
vectors.

2.2. Support lines and support points

Support lines and support points of a particle geometry are important
components in many contact detection and resolution algorithms
(Ghosh and Kumar, 1998; Kenwright, 2015). In computational geome-
try, a supporting line (or supporting hyperplane in higher-dimensional
space) of convex geometry A is a line that has both of the following
properties: A is entirely contained in one of the two closed half-spaces
bounded by the line, and A has at least one boundary-point on the
line. A support point is the point that lies on geometry A as well as on the
support line. It has the highest dot production with the given support
direction. Mathematically, a support point can be expressed as a func-
tion of the support direction, such that

s4(v) = argmax, Py-v,Py €A 3
where s, (v) represents the support point in support direction v, and P,
represents a point on geometry A.

In the polybézier-based particle model, support points can be given
by

sa(v) = B(t,) (€)]

where t, is the parametric parameter that corresponds to support di-
rection v. By definition, the support lines are perpendicular to the sup-
port directions, such as

v-B(t,)=0 (5)

where B'(t,) is the derivative of B(t) at t, and represents the direction of
the support lines. Recalling Eq. (2), the derivative B (f) is given as

1 -3 3 -1 0
/ 0 3 -6 3 1
B(t)f[QO Ql QZ Q3] 0 0 3 -3 2t (6)
0 0 0 1 3¢
Substituting Eq. (6) into Eq. (5) and rearranging the terms gives
Myt +2M5t, + M, =0 @
where
1 -3 3 -1
0 3 -6 3
M:[Ml M, M; M4]:V'[Q0 Ql Qz Q?] 0 0 3 -3
o 0 O 1
(€)]

where M7, My, M3 and M4 represent the components of vector M. Eq. (7)
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is a quadratic function, which has a closed-form solution given as

—2M; & /4M3 — 12M.M,
(C)]

6M,

t, =

where the solution that falls in the range of [0, 1] will be adopted. With
the solution t,, the support point corresponding to support direction v
can be calculated from Eq. (4).

2.3. Mass and moment of inertia

The mass and moment of inertia are estimated from a polygon that is
interpolated from the polybézier curves. For each bézier curve, a series
of boundary points can be obtained with a parametric sweep of
parameter t. Assuming that the interpolated points are (xo,Yo), (1,¥1),
...y (¢n-1,Yn-1), which form a polygon without self-intersection, the mass
and moment of inertia can be calculated as

n—1

p

m=3 ;(xi)'m — Xi1Yi) (10)
/) n—1

1= D Z(«W,WH — Xi1y) (8 + X041 +xf+1 + 37+ YV +/Vf2+1) 1)
i=0

where m and I represent the mass and moment of inertia, respectively, p
is the particle density, x, = xp and y, = Y. By a slight abuse of notation,
parameter n herein represents the number of interpolated boundary
points. It should be noted that although an interpolated polygon is used
to estimate the mass and moment of inertia, the estimates of the mass
and moment of inertia would approach the exact values if the interpo-
lation is dense. In addition, the computational efficiency of a DEM
simulation would not be impacted as the mass and moment of inertia
only need to be calculated once.

3. Contact detection and resolution algorithms

The detection and resolution of particle contacts are the most time-
consuming steps of a DEM cycle. Usually, contact detection is imple-
mented with two phases, i.e., the broad phase and the narrow phase
(Hubbard, 1995; Mirtich, 1997). In the broad phase, contact tests are
performed on the bounding volumes (e.g., bounding spheres or bound-
ing boxes) of particles to quickly prune away the pairs of particles that
are not in contact with each other (Luque et al., 2005; Pouchol et al.,
2009). In the narrow phase, contact tests are performed on the exact
geometries of the particles. In this work, the classical GJK and EPA al-
gorithms are adopted to detect contacts and resolve contact geometric
features for the proposed polybézier-based particle model. For the sake
of completeness, the GJK and EPA algorithms are briefly described in
this section. It is worth noting that there are other contact detection and
resolution algorithms with higher performance than the adopted GJK
and EPA algorithms. One good candidate for contact detection is the
hybrid Levenberg-Marquardt and GJK approach (Zhao and Zhao, 2019).
It can as well be adopted to solve the contact resolution problem with
the aid of a shape erosion strategy. In this work, the classical GJK and
EPA algorithms are adopted for simplicity and it is noted that the pro-
posed polybézier-based particle model is also applicable to those
improved GJK-based algorithms.

3.1. Contact detection: GJK algorithm

The GJK algorithm is a fast procedure for computing the distance
between convex objects in 2D or 3D space. It was first introduced by
Gilbert et al. (1988) and has since been popularly applied in fields such
as robotics, computer-aided design and computer graphics. The
employment of the GJK algorithm to address the contact detection
problem in DEM has recently emerged, and Wachs et al. (2012), Zhao
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Fig. 2. The contact detection and convergence criteria of the GJK algorithm. In scenario (a), two objects are in contact as the Minkowski difference contains the
origin. The GJK algorithm converges with a contact flag if the built simplex contains the origin. In scenario (b), two objects are not in contact, as the Minkowski
difference does not contain the origin. The GJK algorithm converges with a noncontact flag if a support point is in opposite to the searching direction.
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Fig. 3. Illustrative diagram of the procedures of the GJK algorithm.

and Zhao (2019) are among the first efforts.

The GJK algorithm relies heavily on the Minkowski difference. Given
two objects A and B, the Minkowski difference is defined as a set of
pairwise differences of all points from A and B (Hadwiger, 1950):

A®B = {P, — P3|P, € A,Py € B} 12)

where A®B denotes the Minkowski difference of A and B; P4 and Pp
denote the points in A and B, respectively. If both objects are convex, the
corresponding Minkowski difference is also convex. With the use of the
Minkowski difference, the contact detection problem becomes equiva-
lent to determining whether the Minkowski difference contains the
origin. As illustrated in Fig. 2, if the Minkowski difference contains the
origin, the two objects are in contact; and if the Minkowski difference
does not contain the origin, the two objects are not in contact.

In the GJK algorithm, the exact Minkowski difference is not
computed. Instead, the simplex inside the Minkowski difference is iter-
atively built to attempt to enclose the origin. There are two convergence
criteria in the GJK algorithm: if the built simplex contains the origin (as
shown in Fig. 2(a)), the GJK algorithm converges with a contact flag;
and if a support point in the Minkowski difference is in the opposite
direction of the support direction (i.e., v-W < 0 as shown in Fig. 2(b)),

(@)

Particle A Particle B

the GJK algorithm converges with a noncontact flag. The procedure of
the GJK algorithm, as illustrated in Fig. 3, is described as follows (Gilbert
et al., 1988; Ericson, 2004; Wachs et al., 2012).

1. Initialize an empty simplex S and randomly select an initial searching
direction v. A good practice for the initial searching direction could
be the joint vector of the centroids of objects A and B.

2. Compute the support point W of the Minkowski difference in
searching direction v and add it to the simplex S.

3. Check if this new support point W is in the opposite direction of the
searching direction and return a noncontact flag if it is true.

4. Check if simplex S contains the origin and return a contact flag if it is
true.

5. Compute the point P that is nearest to the origin in simplex S and
reduce S to the smallest subset that contains P. That is, remove any
points in S not determining the subsimplex of S in which P lies.

6. Let vector —P be the new searching direction v.

7. Repeat steps (2-6) until a convergence criterion or a maximum
number of iterations is reached.

Particle A

€p

T
Pg, M? Pg,
Py

Wall B

Fig. 4. Definition of the contact geometric features based on the EPA.
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Fig. 5. Illustrative diagram of the procedures of the EPA.

3.2. Contact resolution: EPA

The GJK algorithm can only return the contact flag and the distance
if two objects are not in contact. The EPA is further implemented to
determine the contact geometric features such as the penetration depth
and contact point. Fig. 4 illustrates the definition of the contact pene-
tration depth and contact point. Using the Minkowski difference, the
penetration depth can be given as

Sy = mvinv-[sA(v) —sg(—v)] 13)

where &, represents the penetration depth, and s, (v) —sg( —v) represents
a support point on the Minkowski difference of objects A and B. With the
direction that gives the smallest dot production, the corresponding
support points on objects A and B can be calculated. The contact point is
then defined and calculated as the middle point of these two support
points, as shown in Fig. 4(a). For a particle-wall contact, the support
point of the wall may be returned as the end points of the wall, which
would lead to a spurious contact point. In this case, the foot point of the
perpendicular line passing the support point of the particle is first
determined. The contact point is then defined as the middle point of the
foot point and the support point, as shown in Fig. 4(b).

In the EPA, a polytope is created inside of the Minkowski difference
of two objects and iteratively expanded until it approaches the support
point on the Minkowski difference that is closest to the origin. Fig. 5
illustrates the main procedures of the EPA. With a polytope (or simplex)

that contains the origin, the polytope is gradually expanded by itera-
tively adding support points in the direction of the point nearest to the
origin in the polytope. For example, in Fig. 5(a-c), the point nearest to
the origin in the polytope lines in simplex WOwWD wOw® and
WO WO) | respectively. The newly added points W), W and W) of the
polytope are the support points in the directions perpendicular to these
simplices. An initial polytope usually has three points, which can be
obtained from the GJK algorithm during the contact detection process.
The iteration is considered to converge if the difference between the
norm of the newly added support point and the smallest distance from
the origin to the edges of the polytope is within an acceptable tolerance,
which is similar to the convergence criterion of the GJK for calculating
the distance between two non-colliding objects (Bergen, 1999).

4. Generation of polybézier-based particle templates

With the developed polybézier-based particle model, the next step
for practical DEM modeling is the generation of polybézier-based par-
ticles that conform to a realistic particle morphology. A general
approach to obtain the realistic morphological features of a granular
material is to use the imaging techniques, including photography (Zheng
et al., 2017), scanning electron microscopy (Cox and Budhu, 2008), and
X-ray computed tomography (CT) (Desrues et al., 2010; Thakur and
Penumadu, 2020). The first two techniques only provide 2D morpho-
logical information (i.e., 2D images), which, however, can be used to
approximate or infer 3D morphological features, e.g., through a virtual

Support
directions

(a) Original image

Q2
‘\
v R PSO algorithm
0 ‘ \
" Ql X1, X2
X1
Qo

(d) Bézier-curve fitting

(b) Extract boundary
and decide the segments

Segment of
originalimage

(c) Obtain the support points and
the inner vertices in each segment

Q3 - Q3
Bézier-curve
covered area

Qo Qo

Minimizing the overlapping difference

Fig. 6. Illustrative diagram of the PSO-based geometric fitting procedure for generating polybézier-based particles from images of particle shapes.
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Fig. 7. Examples of particle shapes with different roundness and sphericity characteristics: (a) particle shapes represented by images (adapted from (Krumbein and

Sloss, 1951)), and (b) particle shapes represented by polyb.ézier curves.

3D surface method (Mollon and Zhao, 2013) or through enhancing the
illusion of the depth of 2D images (Zheng and Hryciw, 2017). X-ray CT,
on the other hand, can be used to directly obtain 3D morphological in-
formation and therefore has been the most prevalent technique in recent
years (Matsushima et al., 2009; Garboczi, 2011; Ando et al., 2013;
Vlahinic et al., 2014; Zhou et al., 2018). The particle shapes represented
by images cannot be directly used in DEM modeling. They need to be
transformed into particle templates using particle models. This section
introduces a PSO-based geometric fitting approach for generating pol-
ybézier-based particle templates from the images of the particle shapes.

In the case of the polybézier-based particle model, the particle shape
is represented by a set of bézier curves. To generate a polybézier-based
particle template, the most important step is to determine the co-
ordinates of the control points of each bézier curve. With particle shapes
captured in images, the problem becomes finding the optimal co-
ordinates of the control points so that the particle shape represented by
the bézier curves can cover the shape represented by the image with
high accuracy. For such a purpose, a PSO-based geometric fitting pro-
cedure is developed in this section. PSO is an iterative stochastic algo-
rithm that is based on social-psychological principles. It was originally
proposed by Eberhart and Kennedy (1995) and Eberhart et al. (1996)
and has been used across a wide range of applications, such as image and
video analysis, control applications, and system identification Van den
Bergh and Engelbrecht (2010), Poli et al. (2007). Its application in the
geomechanics community is rare, and recent efforts along this line
include the work by Feng et al. (2006) for identifying parameters in
constitutive models and Lai and Chen (2017) for material bifurcation
analysis. Fig. 6 shows an illustrative diagram of the PSO-based geo-
metric fitting procedure for generating polybézier-based particle tem-
plates from images of particle shapes. The procedure is described as
follows.

1. With the image of a single particle, extract the boundary points of the
particle and find the convex hull of the boundary points.

2. Given the number of the bézier curve segments, determine the sup-
port directions at the ends of each bézier curve. In this work, uni-
formly spaced support directions are adopted, as shown in Fig. 6(b).

3. Find the support points of every support direction and use these
support points as the segmentation locations to divide the boundary
points into subsets (see Fig. 6(c)).

4. For each subset of boundary points, the PSO algorithm is used to find
the optimal coordinates of the control points so that the bézier curve
would fit the boundary points with high accuracy. A subroutine of
the PSO fitting procedure is described as follows (see Fig. 6(d)).

(a) For each segment, find the intersect R of lines Q,Q; and Q,0;,
where lines Q,0; and Q,0;, respectively, are the tangent lines at
the ends (i.e., Q, and Q;) of this segment. The tangent lines can
be obtained by drawing lines that pass the ends and are
perpendicular to the support directions at the ends.

(b) Define the variables x; and x, which are the lengths of line
segments Q,Q; and Q,0;, respectively, and define the cost,
which is the overlapping difference between the area covered by
the original image and the area covered by the fitted bézier
curve. In this work, the area covered by the original image or the
fitted bézier curves is obtained through an imaging process. The
particle shape represented by the bézier curves is first plotted on
an image and then scaled to the same size as the image of the
original shape. In the image, pixels inside the particle are labeled
as ones, and pixels outside the particle segment are labeled zeros.
The percent difference is then calculated as the number of pixels
with different labels divided by the number of pixels labeled as
ones.

(c) Perform the PSO and determine the location of points Q; and Q,
(i.e., the lengths x; and x; of line segments Q,Q; and 0,0;) by
minimizing the cost (i.e., the overlapping difference).

5. Repeat the previous step until all the segments are fitted. If the ac-
curacy is not sufficient, increase the number of segments and repeat
this procedure.
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Fig. 8. The shape representation accuracy as a function of the number
of segments.

5. Numerical examples

In this section, numerical examples are presented to demonstrate the
performance of the proposed polybézier-based particle model. The ac-
curacy of this particle model in representing various irregular-shaped
particles is first investigated. Then, this particle model is implemented
in an in-house DEM code, and DEM simulations of random packing and
biaxial compression of polydispersed irregular-shaped particles are
performed.

5.1. Model accuracy in shape representation

To investigate the accuracy of the proposed particle model in rep-
resenting irregular-shaped particles, a chart of particle shapes with
various roundness and sphericity characteristics, as shown in Fig. 7(a), is
studied. This chart was originally developed by Krumbein and Sloss
(1951) for characterizing particle roundness and sphericity. With the
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particle shapes represented by images, polybézier-based particle tem-
plates are generated following the PSO-geometric fitting procedure
described in Section 4. In this example, 10 segments are adopted. Fig. 7
(b) shows the generated particle templates. Overall, the particle shapes
represented by the polybézier curves match fairly well with those rep-
resented by the images.

To quantify the model accuracy of the proposed particle model in
terms of shape representation, an accuracy score is defined as one minus
the percent difference between the shape represented the particle model
and the original image. The percent difference has been previously
defined in Section 4 for the PSO-based geometric fitting procedure.
Fig. 8 plots the model accuracy of the proposed particle model for two
arbitrary particle shapes. As a comparison, the model accuracy of the
polygon-based particle model is also presented. As the number of seg-
ments increases from 3 to 10, the accuracy of the polybézier-based
particle model gradually increases and overall remains at 90% or higher.
For the polygon-based particle model, generally more segments are
required to achieve a compatible accuracy. Fig. 9 shows the evolution of
the covered area using the polybézier-based particle model and polygon-
based particle model. Compared with the polygon-based particle model,
the effectiveness of the polybézier-based particle model in representing
curved and smooth geometries can be effectively observed.

5.2. DEM simulation of random packing

The first example of DEM simulation considers the random packing
of polydispersed irregular-shaped particles. In this example, a total of
500 noncircular particles are first randomly placed in a box of 1.0 m in
width and 3.0 m in height and are then allowed to settle down under the
influence of gravity. Specifically, these noncircular particles are repre-
sented by three different particle models, including the polybézier-based
particle model, polygon-based particle model and ellipse-based particle
model, to demonstrate the compatibility of the polybézier-based particle
model with other conventional particle models. The polygon-based
particles of 4~ 7 line segments are used. The particles have an equiva-
lent size that ranges from 40 mm to 60 mm. Herein, the equivalent size is
defined as the diameter of the circle that has the same area as the
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Fig. 9. Examples of particle shapes with different numbers of segments. N; indicates the number of segments, and P indicates the shape representation accuracy.
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Fig. 10. Snapshots of the random packing simulation: (a) noncircular particles and (b) circular particles.
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Fig. 11. Evolution of the (a) average velocity and (b) relative kinetic energy (i.e., the ratio of the kinetic energy to the contact potential energy).

particle. Throughout the packing process, the following parameters are
used: the contact normal and tangential stiffness are 1x107 N/m, the
contact friction is 0.2, and the damping is 0.7. A linear contact model is
adopted. The contact friction is taken 0.2 according to the practical

90°
1200 03  60°
1500 0.2 300
180° 0°
2100 3300
2400 300°
2700

Fig. 12. Polar histogram of particle alignments for the noncircular parti-
cles case.

range found in the literature (Andrade et al., 2012; Senetakis et al.,
2013; Nardelli et al., 2017; Zhao et al., 2018). For example, Senetakis
et al. (2013) reported that the contact friction varies between 0.09 and
0.23 for quartz particles, while Nardelli et al. (2017) reported that it
ranges between 0.25 and 0.37. The damping is introduced to facilitate
the energy dissipation, and is taken the default value 0.7 suggested by
the PFC (Itasca Consulting Group Inc, 2014). The simulation lasts for 5.0
s with a fixed time step of 1x10~* s. As a comparison, the packing
simulation with the same setup while using circular particles is also
conducted.

5.2.1. General packing characteristics

Fig. 10 compares the final particle assemblies for noncircular parti-
cles and circular particles, respectively. In both the noncircular and
circular cases, the particles reside next to each other in the box without
any visible spuriousness, such as unrealistic overlapping or floating
particles. In the noncircular case, the contacts between the particles
represented by different models (i.e., polybézier-based particle model,
polygon-based particle model and ellipse-based particle) are all well
detected by the GJK and EPA contact algorithms, indicating good
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Fig. 13. Polar histogram of the coordination number: (a) noncircular particles and (b) circular particles.
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Fig. 14. Histogram of the number of calls for the support function in one computation cycle: (a) for pairs of particles that are not in contact and (b) for pairs of

particles that are in contact.

compatibility of the polybézier-based particle model. Fig. 11 shows the
evolution of the average particle translational velocity and the ratio of
the kinetic energy to the contact potential energy (referred to as the
relative kinetic energy hereafter) during the packing process. It can be
observed that in both the noncircular and circular cases, the average
velocity, as well as the relative kinetic energy, eventually decrease to
small values, indicating a quasi-static equilibrium state. The evolution
profiles of the particle velocity and kinetic energy indicate that the
proposed polybézier-based particle model and the DEM implementation
have good numerical stability.

As a quantitative analysis of the packing fabric, the alignments of the
particles are calculated and plotted in Fig. 12. Herein, the alignment of a
particle is defined as the angle from the x-axis to the particle major axis.
For visualization purposes, the plot from 180° to 360° is also created by
rotating the plot of particle alignment from 0° to 180° by 180°. With this
treatment, a particle that aligns at 0 is assumed to also align at +180°.
The results in Fig. 12 indicate that the noncircular particles present a
preference for horizontal alignment. This phenomenon is expected due
to the shape irregularity effects.

In addition to the particle alignments, the coordination number of
the particles is plotted and compared in Fig. 13. For noncircular parti-
cles, the coordination number ranges from 1 to 6 and is mostly 3, 4 or 5.
For circular particles, the coordination number also ranges from 1 to 6
and is mostly 3 or 4. The results indicate that, at the end of random
packing, the noncircular particles would have slightly more contacts
than the circular particles.

5.2.2. Computational performance

The proposed polybézier-based particle model features two extras for
computational efficiency. First, it is essentially developed to suit the fast
GJK-based contact algorithms. Second, it is directly compatible with the
conventional particle models, such as the circle-, ellipse-, or polygon-
based ones, without the need to develop the particle model pair-wise
contact algorithms. As different particle models have different perfor-
mance, the computational efficiency can be improved by employing
multiple particle models (e.g., simple circle-based particle model for
those round-like particles and complex polybézier-based particle model
for those irregular-shaped particles) in a DEM simulation. To investigate
the computational performance of the proposed polybézier-based par-
ticle model, the convergence profiles of the GJK and EPA algorithms are
analyzed. As described in Section 3.1, contact detection consists of a
broad phase and a narrow phase. With the particle pairs that pass the
broad-phase tests, the GJK algorithm is adopted to determine the exact
contact flag. Fig. 14 plots the number of calls for the support function in
the GJK algorithm in one computation cycle. It can be observed that the
pairs of particles that are in contact overall require a larger number of
calls for the support function than the particle pairs that are not in
contact. Most of the noncontact pairs can be pruned away in one GJK
iteration. The average number of calls for the support function is 1.85 for
noncontact particle pairs and 5.77 for contact particle pairs.

To gain more insights into the computational performance of
different particle models, the number of support function calls in the
GJK algorithm for different types of particle pairs are listed in Table 1. In
this table, the number of calls for noncontact pairs and contact pairs are
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Table 1
Number of calls for the support function in the GJK algorithm for different types
of particle model pairs.

Particle model Ellipse Polygon Polybézier
Ellipse 5.33 4.48 5.72
Polygon - 2.64 3.96
Polybézier - 4.99
100 L
10t
]
S
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Fig. 15. The convergence profiles of the EPA for polybézier-based particles.

averaged altogether. The results indicate that for particles with contin-
uous geometries (e.g., polybézier-based particles or ellipse-based parti-
cles), the number of support function calls is slightly larger than the
polygon-based particles. However, it should be noted that the
polygon-based particles in this example only have 4~ 7 segments. The
use of polybézier-based particles would not have a severe impact on the
computational efficiency, while it could substantially improve the
model accuracy for describing curved and smooth particle geometries.

Once a contact is detected by the GJK algorithm, the EPA is further
invoked to find the penetration depth through an iteration process.
Fig. 15 shows the convergence profile of the EPA for pairs of polybézier-
based particles. Two primary observations can be made based on these
results. First, the residual does not monotonically decrease with
increasing number of iterations. The residual can exhibit a sudden in-
crease. This phenomenon occurs in the scenario in which the polytope is
expanded in a direction other than the direction of the minimal distance
point. Second, the EPA with the polybézier-based particle model roughly
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follows a linear convergence trend. The slope of the convergence plot is
approximately 6:10, which indicates that the residual will decrease by
an order of 10~° with 10 more iterations. In other words, the residual
roughly decreases by one fourth in each iteration.

5.3. DEM simulation of biaxial compression

The second example of DEM simulation considers the biaxial
compression test on polydispersed particles. Based on the random
packing obtained in the previous section, the biaxial compression test
proceeds with two stages: the consolidation stage and the compression
stage. In the consolidation stage, the packing is consolidated with an
isotropic pressure of 0.1 MPa. This is done by pushing the lateral walls
and top wall inward until the target confining pressure is achieved. In
the compression stage, the packing is compressed by moving the top
wall downward at a velocity of 0.1 m/s while maintaining the lateral
confining pressure at 0.1 MPa via a servo control mechanism. The
consolidation stage lasts for 1.0 s, whereas the compression stage lasts
for 2.0 s. The packing would finally have a compression strain of
approximately 15%. The contact parameters and timestep are kept the
same as those in the previous random packing example.

Fig. 16 shows snapshots of the particle assembly and contact force
chain at the end of compression loading. In both the noncircular and
circular cases, the particles exhibit a strong force chain in the vertical
direction. Fig. 17 shows the evaluation of the deviatoric stress ratio and
volumetric strain during the compression process. Herein, the following
definition of stress invariants (i.e., p and q) and strains (i.e., €, and €,) in
2D are used Vardoulakis (1980), Chen et al. (2011), Zhao and Zhao
(2019):p =64 + 6y, = 064 —0r,, = log(H/Hyp), e, = log(V/Vy), where
H and V are the height and volume (i.e., area in the 2D case) of the
specimen during shearing, respectively; Hy and Vj are their initial values
before shear; and subscripts a and r indicate the axial and lateral di-
rections, respectively. During the compression, the deviatoric stress
ratio first increases rapidly and then gradually plateaus. The specimen of
noncircular particles exhibits a larger shear strength than that of circular
particles. As a more quantitative analysis, the fabric anisotropy of the
particle packing after the end of the compression process is analyzed.
The fabric anisotropy includes the anisotropies in the contact normal
orientation, contact normal force, contact shear force, and contact
branch orientation, which are closely related to the shear strength of a
particle assembly (Voivret et al., 2009; Guo and Zhao, 2013; Li and Yu,
2014; Cheng et al., 2016; Gu et al., 2017; Sufian et al., 2017). The results
of the contact normal orientation, contact normal force and contact
shear force are shown in Fig. 18. For noncircular particles, the polar
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Fig. 16. Snapshots of the particle packing at the end of the compression process: (a) noncircular particles and (b) circular particles. The red solid lines represent the

contact force chain. f. and f, indicate the magnitude of contact forces and the average magnitude of normal contact forces, respectively.
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Fig. 18. Results of the packing anisotropies at the end of the biaxial compression process.

histograms of the contact normal orientation and contact normal force
are more elongated in the vertical direction than circular particles. The
noncircular particles also exhibit greater contact shear forces overall. As
a result, the noncircular particles would finally exhibit a greater shear
strength than the circular particles, which is consistent with the engi-
neering experience that the particle shape irregularity has a substantial
contribution to the shear strength of a particle assembly (Cho et al.,
2006). Overall, the results demonstrate the good stability and
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effectiveness of the proposed particle model in a DEM simulation.
Lastly, it is noted that the polybézier-based particle model has the
potential to be extended to 3D. Similar to the 2D case, the 3D polybézier-
based particle model employs a set of joined bézier patches to describe
particle geometry. Fig. 19 shows an example of the 3D polybézier-based
particle template, which is composed of a number of 30 cubic bézier
patches. With particle geometry represented by bézier patches, the
support function, mass and moment of inertia could be derived, and the
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(b)

Fig. 19. An illustrative example of particle in 3D: (a) the original particle represented by a triangle mesh, where the color represents the distance for a surface point
to the particle centroid, and (b) the generated particle template using the polybézier-based particle model, where the color is randomly selected for visualizing

different bézier patches.

GJK and EPA algorithms could be adopted to solve the contact detection
and resolution problem, following a framework similar to the 2D case.
Nevertheless, there are several remaining challenges, including to
develop a general scheme for the discretization of the surface patches, to
come up with an efficient method for the parametrization of the support
directions, to upgrade the PSO-based geometric fitting approach for
generating 3D polybézier-based particle templates, and etc. In addition,
the implementation of GJK and EPA in 3D is also fairly more compli-
cated than the 2D case. These challenges will be explored in future work.

6. Summary

This paper presented a new polybézier-based particle model for the
DEM modeling of smooth and irregular-shaped particles. In this particle
model, the particle geometry is composed of a set of bézier curves. Each
bézier curve has its own control points, whereas these bézier curves are
connected at the ends, similar to polygons. Particularly, the bézier
curves are assumed to share the same tangential directions at each
connecting point so that the whole particle would have a geometric
continuous support function. In addition, the cubic order of bézier
curves is adopted in this work, as they have a fairly high degree of
freedom in modeling curved geometries as well as have a closed-form
support function. With the particle geometry and supporting function
derived from cubic bézier curves, the GJK algorithm is adopted to detect
contacts, and the EPA is adopted to resolve the contact geometric fea-
tures. The adoption of the GJK and EPA enhances the compatibility of
the proposed particle model with other existing particle models, such as
the polygon-based particle model and ellipse-based particle model. With
the proposed particle model, a PSO-based geometric fitting procedure
for generating polybézier-based particle templates from images of par-
ticle shapes is also presented. The accuracy of the proposed particle
model for shape representation is assessed using a chart of particle
shapes with various roundness and sphericity characteristics. The results
indicate that the proposed particle model is able to represent generally
irregular-shaped particles with a fairly high accuracy. Finally, DEM
simulations of random packing and biaxial compression tests of various
irregular-shaped particles are also performed. The results of the DEM
simulations have shown the good computational efficiency and nu-
merical stability of the proposed particle model. The polybézier-based
particle model has the potential to be extended to 3D, which will be
explored in future work.
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